In this paper we study symmetric solutions for a semilinear elliptic problem with Neumann boundary condition to elliptic operators more general than the Laplacian on the unit ball in the n-dimensional Euclidean space with n ≥ 3.
Introduction
An interesting problem, from the point of view of the differential geometry and the elliptic differential equations, is the study of the behavior of solutions of Δu = f (u) in B,
where B is the unitary ball in R n , ∂ ∂ − → n , denotes the outer normal derivative to ∂B, and f, g are functions defined in R. For n ≥ 3 the problem (1) appears in the study of conformal deformations of the standard metric over the unitary ball B that have constant scalar curvature in B and mean curvature on ∂B. In fact, if G is a conformal metric to the standard metric δ ij in B, say G = u 4/n−2 δ ij with u > 0 and smooth over B, with constant scalar curvature R G in B and constant mean curvature h G on ∂B, then u satisfies the elliptic semilinear problem with Neumann condition,
The professor José F. Escobar completely studied the set of such metrics. Furthermore, he proved that solutions are symmetric with respect to some point. (See [5] , Theorem 2.1). Also in [6] there are studies with conformal metrics on the ball with zero scalar curvature and prescribed mean curvature on the boundary. The maximum principle is one of the most used tools in the study of some differential equations of elliptic type. It is a generalization of the following well known theorem of the elemental calculus "If f is a function of class C 2 in [a,b] such that the second derivative is positive on (a,b), then the maximum value of f attains at the ends of [a,b]". It is important to point out that the maximum principle gives information about the global behavior of a function over a domain from the information of qualitative character in the boundary and without explicit knowledge of the same function. The maximum principle allows us, for example, to obtain uniqueness of solution of certain problems with conditions of Dirichlet and Neumann type. Also it allows to obtain a priori estimates for solutions. These reasons make interesting the study of the maximum principle on several forms and its generalizations and the Hopf lemma. For example a geometric version of the maximum principle allows us to compare locally surfaces that coincide at a point. On the other hand, the maximum principle and the Alexandrov reflection principle have been used to prove symmetries with respect to some point, some plane, symmetries of domain and to determine asymptotic-symmetric behavior of solutions of some elliptic problems. (See (Serrin [14] , 1971); (Gidas, Ni and Nirenberg [7] , 1979); (Gidas, Ni and Nirenberg [8] then Ω is a ball and u is radially symmetric with respect to the center of Ω". Using the ideas of Serrin and a version of the maximum principle for functions that do not change of sign, Gidas Ni and Nirenberg in [7] proved that: "If Ω is a ball, f ∈ C 1 (R) and u is a positive solution of the problem, Δu + f (u) = 0 on Ω which is zero on the boundary, then u is radially symmetric with respect to the center of the ball". Using the method of reflection and a version of maximum principle for thin domains Beresticky and Nirenberg in [2] made a generalization of paper [7] . Castro, Maya and Shivaji in [4] summarized the recent developments of semipositone problems. We prove here that solutions of the elliptic problem with Neumann condition
are radially symmetric with respect to the origin, supposing nice behavior of a, b, f and g (See Theorem 2.1). Our proof shows that used technique in [2] , [7] , [14] for the study of the symmetric solutions of the elliptic problem with Dirichlet condition
where B is the closed ball, can be applied in elliptic problems with Neumann condition.
Main Result
Now we announce the main theorem (see [9] , [13] ).
positive solution of the elliptic problem with Neumann condition
where a : B → R is a bounded function and symmetric with respect to the origin such that a(x) > 0 for all x ∈ B and b : B → R is a bounded and odd function. Let − → η denote the normal vector to ∂B, and f, g ∈ C(R). Suppose that (a) f is strictly increasing and (b) g is strictly decreasing.
Then, u is radially symmetric with respect to the origin.
Proof. Let ν(x) = u(x ), x ∈ B where x denotes the reflection of x with respect to the hyperplane x n = 0. Then
Let w be the function defined by
In consequence w satisfies
Since w is continuous in B, there exist points x m , x M ∈ B such that:
Since g is strictly decreasing we have u(
Suppose x m ∈ ∂B and satisfies w(x m ) < w(x) for all x ∈ B. Then, Then w(x m ) = w(x M ) = 0. Hence w ≡ 0 in B and so u is symmetric with respect to x n = 0. Since B is the unit ball and we can apply the same arguments in all directions, it follows that u is radially symmetric with respect to the origin.
